Reciprocal space constitutes a useful tool for dealing with many diffraction problems,' particularly problems concerned with the diffraction of x-rays by crystals. Wrinch' has shown that if a distribution has a pointgroup symmetry element through the origin, its Fourier transform in reciprocal space has the same symmetry element. For crystallographic purposes, it is desirable to go farther than this and inquire how the more general crystallographic symmetry elements appear in reciprocal space.
Reciprocal space constitutes a useful tool for dealing with many diffraction problems,' particularly problems concerned with the diffraction of x-rays by crystals. Wrinch' has shown that if a distribution has a pointgroup symmetry element through the origin, its Fourier transform in reciprocal space has the same symmetry element. For crystallographic purposes, it is desirable to go farther than this and inquire how the more general crystallographic symmetry elements appear in reciprocal space.
Consider a symmetry element with a translation component, such as A, an n-fold screw through the origin, 0, figure 1. Let the screw, for definiteness, lie along the crystallographic c axis. The figure shows two sets of planes related by an operation of the screw. One set of planes may be indexed hkl, the other h'k'l', but both have the common interplanar spacing dhkz. In reciprocal space, these sets of planes are represented by points P and P', respectively. P lies on the normal to hkl, and P' lies on the normal to h'k'l', both normals extending from the origin. Both P and P' have the same origin distance, namely l/dhkl. Since the direction of the normal is unaffected by the displacement of the planes due to the translational component of the axis, it is evident that the rotational component of the crystal symmetry element is preserved in the relative locations of the points hkl and h'k'l' in reciprocal space.
The relative phases of the two points, however, depend on the relative displacements of the two sets of planes from the origin.' In figure 1, the phase difference in reciprocal space corresponding with the displacement between two neighboring planes of the set hkl is 27r. This difference can be measured by the displacement of the planes along the c axis. Since there are I planes per unit translation along the c axis, the total phase difference per unit translation along the c axis is 2Xrl. However, the translation component of the screw produces a displacement of planes only a fraction of a translation, namely (1/q)c, so that the phase difference due to this translation component is 27rl/q.
Let the reciprocal at P be Fhkz. In general, the phase of Fhkl is not zero, but some value, say sp. Thus the phase component of Fhki in the complex plane is e2,iS. Then the phase component at P' according to the last paragraph is e2Tre2ril/q. Since the absolute magnitudes at P and P' 'are identical, the reciprocals at these two points must be related as follows:
where c/q is the translation component of the symmetry operation. Note that the phase difference vanishes for symmetry elements without a translation component (i.e., q = 0), and also for indices such that l/q = an integer.
By permitting the rotational component of the symmetry element to include improper rotations, this result can be extended to include symmetry operations of the second sort. Alternatively, corresponding results can be derived directly for reflections, glide-reflections and roto-inversions. Neither the sequence of planes from the origin nor their distances away from the origin are affected by the improper character of the rotation, so that the only effect that the nature of the rotation has on reciprocal space is with respect to the location of the point.
As a consequence of these considerations, the following statement can be made: THEOREM 1. If a crystal contains a symmetry element through a chosen VOL. 35, 1949 origin in direct space, its reciprocal has the isomorphous (translation-free) symmetry element at the origin, but the points in the fields related by the operations of the symmetry element have phases related by e2Tiph/q, where p is the power of the operation relating thefields and a/q is the translation component of the operation.
(For diagonal symmetry elements having the general translation component (a + b + c)/q, it can be shown that (h + k + 1) should be substituted for h.)
In case the symmetry axis does not contain the origin, but is displaced to a location having co6rdinates xa, yb, the planes hkl (along with their symmetrically equivalent planes) are displaced too, as shown in figure 2. Since there are h planes along a, and each separation corresponds with a phase difference in reciprocal space of 2r, a displacement of the entire a translation corresponds to 27rh. Therefore, the component of the displacement of the axis along a, of amount xa, corresponds with a phase difference of 27rxh. Similarly, the component of its displacement, of Oriqin\ / o6 2r.l a FIGURE 2 amount yb, along b corresponds with a phase difference of 27ryk. Consequently, the entire displacement of the axis from the origin to location xa, yb corresponds with a phase difference of 27(xh + yk) applied to Fhkl in reciprocal space. Symbolically,
THEOREM 2. If a symmetry element is displaced by an amount xa + yb, the phase component difference produced on Fhkl accompanying this displacement is e2Ti(xh + yk) Space groups can be developed by adding to the lattice operations various generating operations isomorphous with the point-group operations. In the reciprocal of the space group, the translations of the lattice are responsible for limiting the non-vanishing values of the Fourier transform of the crystal structure to the points of the reciprocal lattice in reciprocal space. The generating symmetry operations and their locations are responsible for fixing the relative phases at the points of the reciprocal lattice which are equivalent by the point-group symmetry.
THEOREM 3. For each generating operation of the cell of the space group, there is a symmetry relation between points in reciprocal space: The position and absolute-magnitude symmetry is the same as that of the point group isomorphous with the space group, non-vanishing values occurring only at points of the lattice reciprocal to the lattice of the crystal, while the phases of the points related by this symmetry are governed by the translation components and positions of the symmetry elements as well as the indices, of the points (in accordance with Theorems 1 and 2).
These theorems make it possible to write down by inspection, all the relations between F's for a given space group for any chosen origin. The customary method of obtaining such information is the laborious structurefactor method.3 Theorem 2 also provides a tool for predicting the changes in phase relations which accompany any displacement of the origin of the space group.
A space group is determined by the lattice type, the point group and the generating operations isomorphous with the point-group operations. 1. A system Sk of o2n-1 curves in a given positional field of force' in Euclidean space of n dimensions consists of curves along which a constrained motion is possible such that the osculating plane at each point contains the force vector F, and the pressure P (along the principal normal
